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CHAPTER I
ALTERNATING CURRENTS
SECTION A
THEORETICAL
AN EXPERIMENTAL STUDY OF OSCILLATORY CURRENTS
CHAPTER I
1
ALTERNATING CURRENTS 
SECTION A-THEORETICAL.
I
GENERAL DEVELOPMENT FOR ELECTRIC CIRCUITS 
An alternating current may be defined as one which period­
ically changes direction in its circuit. That is, for a certain time 
the current flows in the conductor in one direction with varying 
strength and then reverses and flows for an equal time in the opposite 
direction. The time measured in seconds from the beginning of the 
current in one direction and it's commencement in the same direction 
again is called a complete cycle and is usually denoted by the letter 
T. The number of these complete cycles or periods per second is 
called the frequency of the circuit, this, being denoted by (n).
Consider now the most simple form of machine for produc­
ing alternating current (See Fig. 1.). If a conductor revolves with 
uniform velocity about some fixed axis in a uniform magnetic field 
the rate at which it cuts the lines of force is different at diff­
erent parts of the revolution, producing a varying electromotive- 
force in the wire. If N is the magnetic flux linked with the coil 
when it's plane is perpendicular to the field, then NsinG is the 
flux when the plane of the coil makes an angle 0 with the field.
The instantaneous electromotive-
force produced in the conductor
is then represented by the equation,
e _ _d(N sine) 
dt
or, e = -N d(sin 0)
dt
N being a constant.
2
Differentiating, e = - N cos 0 d9
dt *
Now if the angular velocity d9- u then d9 = u dt, or integrating
dt
this expression,- 9 = cot + at , where x is the constant of
2 2
integration calculating the time from the instant at which 9 = - x.
2
Substituting,- e = - gjN c o s  (cot + x)
2
= coN sin cot.
But when coN = E, the maximum E.M.F.,
e = E sin cot ------- (1)
So we see that the electromotiveforce set up in the conductor 
at any instant is numerically equal to the rate of cutting lines at 
that instant and is accordingly a sine-function of the angle of 
rotation and, since the rotation is uniform, a sine-function of 
the time.
If a galvanometer be placed in the circuit with the revolving 
loop of wire, as the rotation of the wire is performed, a current 
will pass thru the galvanometer first in one direction and then the 
other producing alternate deflections of the instrument.
The electromotive force produced in an alternating current 
dynamo is not usually of this simple type but this closely approx­
imates the truth. However any E.M.F. whatever may be expressed as 
a sum of terms each of which is a sine-function of the time.
Equation (1), e = E sincot, may be graphically represented
as in the usual way, (Fig. 2), by 
considering the radius vector of a
center with a constant angular vel* 
ocity and plotting the projection
Figure 2
of this radius on the Y axis against the angle of rotation. The 
radius OE represents E the maximum value of the electromotive force 
in the circuit. This radius vector rotates in a counter-clockwise 
direction about the center 0. The angle 9 thru which it has turned 
at any instant is equal to cot, as the motion is uniform. Then the 
projection of OE on the Y-axis, i.e., OA, at any instant will give 
e the instantaneous E.M.P. for from the geometry of the figure 
OA = e = OA sin 9 = sin tot.
Now if we should lay off on the X-axis distances such as BO' 
corresponding to the angles thru which the radius vector has moved, 
plotting the projections of the radius on the Y-axis, OA = O'A', 
for these various angles a wavy curve is obtained. This curve is 
the sine curve which delineates the manner in which the E.M.P. 
varies in the conductor at different instants or for various angles 
thru which the coil has turned. Part of the time it is above the 
axis, or +, and part of the time below, or -. The maximum value E 
is called the amplitude and the angle 9 = cot is the phase angle.
The curve between the points BB* represents one complete period or 
cycle. As the vector OE continues to rotate a series of wavy curves 
may be obtained giving a series or train of sine waves each similar 
to the other.
Suppose now that this alternating electromotive foree is 
impressed upon a circuit containing resistance, self-induction, and 
capacity in series. Part of the energy will be expended in heating 
the conductor, part in creating the magnetic field around the cond­
uctor and part in charging the condenser.
The general energy equation would be written,-
e i dt = R i2 dt + L i di dt + i dt /i dt
- .... ___________
(2)
where e = the impressed E.M.F., i = the current in the circuit, 
R = the resistance, L = the self-induction, and C = the capacity
4
Here e i dt represents the total energy supplied to the cir­
cuit in the time dt. R i2 dt is the part used in heating the con­
ductor. L i di dt is the portion expended in creating a magnetic 
dt
field, and "the part used in charging the condenser is i dt /i dt
C
Dividing equation (2) thru by idt it becomes an equation of electro­
motive forces,-
e = R i + L di + /  i dt (3)
dt C
where _e is the E.M.F. impressed on the circuit, R i is that part
of e used to overcome resistance, the part necessary to overcome
the counter E.M.F. of self-induction is L di, and the third part of
cTT
e used to overcome the back E.M.F. of the condenser is i dt
C
Equation (3) may be freed from the integral sign by different­
iating once with respect to the time t^ , becoming then,-
L d 2i + R d i + i = d e  
dt2 dt C dt'
Dividing thru by L we have,-
d x + R di + i = de 1 
dt2" L dt L C dt L
(4)
From (1) we know that e = f (t), therefore d£ = f(t).
dt
Substituting in (4) there is obtained the equation,-
d2i + R di + i = 1  f'(t) (5)
dt2 L dt L C L
from which the general solution for the current at any instant 
may be determined.
Equation (5) is a linear differential equation of the 
second order and may be conveniently solved by using the symbolic
5
method1 . Let D = d ( ), and D2 = d^(_) .
“dt dt2
Writing (5) in the symbolic form we have,-
( D2 + R D + _1_ ) i s l f ' ( t )  (6)
L L C L
The complete solution of this equation will be composed of the
sum of two solutions, namely, the solution of,-
( D2 + R D + 1 ) i = 0,
L L C
which is called the complimentary function, and the solution of,-
T d £ + R D + l T*L L C
called the particular integral.
1 . f ’(t)
L
First to solve for the complimentary function or the C.F. as
it may be designated. The term D2 + R D + 1 = 0 , is in the form
L L C
of a quadratic, ax2 + bx + c = 0, and may be solved for the roots 
by using the formulae,-
x = - b t V b2 - 4 ac ,
Letting x = m, a = 1, b = R, and c = 1 and substituting in the
L L C
symbolic equation, the auxiliary equation becomes,-
- R / R2 - 4~
m = I V I 2 r c
2 '
which may be reduced and simplified to,-
- R L C ± 1 R2 L2 &  4 L2 C2 
m = 2 L2^  2tC V  T?' ~T C
m = - R C ±V R2 G2 - 4 L C 
2 L C
1
See Johnson's !'Differential Equations", p. 101, or 
Murray's "Differential Equations", p. 63.
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Let m = 1 , and then the roots will be,-
T
mi = - R G - V REC2 - 4 L C = .l
q-jT c T1 an<1
mP = - R C ±V R2C2 - 4 ~L~C - „ i 
2 L C T2
and the solution for the complimentary function will take the form,-
(7)
_ t . t
C.P. = ci e + c2 e T2
Solving now for the particular integral we make use of
the inverse operator
(D + R D + 1)
L L C
, which may be broken up
into partial fractions
L C
V R2C2- 4 L 0 (
( 1 _______ 1 _ )
( D + R C - V R^C^- 4 L G ~D+ RC+VR^C^- 4LC)
2 L C 2 L C )
or using the notation as in the complimentary function, the above 
reduces to,-
L C ( 1 _ 1 )
V R^Ca- 4 L G ( D + 1 D + 1 ) .
( t2)
Operating upon 1 f'(t) with this inverse operator we have,-
L
P.I. = C 1 f'(t)
V R^CS- 4 T'C T T T T
1 Ti
D
1 f ’(t) j
+ 1
p - 1- = < •" k  /  9 * i  f ( t )  a t
-t t )
e Tg /ef2 f '(t)dt)
(8)
The complete solution, as stated before, consists of the
sum of the solutions of the complimentary function and the particular
7
integral. Therefore,-
( -1 t -t t )
i = „ _C ( e Ti/ e Ti f'(t) dt - e T, /  e T, f'(t) dt)
V RSC2- 4 L C( )
—t —t.
+ C1 e T1 + °2 6 Tg . (9)
Equation (9) is the general expression for the instan­
taneous current in any circuit containing resistance, self-induction 
and capacity in series, when any electromotive force whatever is 
impressed on the circuit.
8
II
PARTICULAR CASES.
There are four cases, covering all possible ones, which 
arise according to the nature of the impressed electromotive force. 
They are,- I, e = f (t) = 0
II, e = f (t) = E = constant
III, e = f (t) = E sin wt
IV, e = f (t) = £ E sin ( but + 9 ).
Ed9
In case ( I ) the assumption made is that the impressed
E.M.F, shall be zero for every point of time. This condition is 
fulfilled when we charge a condenser with a quantity Q and then 
suddenly remove the source of E.M.F. That is, if the two plates 
of the condenser are connected by a conductor so as to discharge it.
The impressed E.M.F. remains zero at every point of time after 
removing the source and consequently satisfies the condition,-
e = f (t) = 0.
The solution of the differential equation will give the current 
in a circuit containing resistance, self-induction and capacity at 
any instant during the discharge of the condenser. This case will 
be developed and discussed in further detail in Chapter II. If 
the circuit contains resistance and self-induction alone the 
equation will give the current at any time as it dies away after 
the removal of the E.M.F.
The second case in assuming that, e = f(t) = E = a const, 
means that the E.M.F. is to be equal to E at every point of time. 
This condition is fulfilled if the source of E.M.F. in the circuit 
is suddenly changed from one constant value to another constant 
value, either of which may be zero. When the circuit contains R, L,
9
and C the solution gives the current flowing in the conductor at
any time after the change in the E.M.F. If the circuit contains
R and L only, the solution gives the value of the current at any
time as it changes to it's final steady value.
The third case assumes that the impressed E.M.F. on the
circuit varies harmonically with the time. The solution gives the
current and shows that when the impressed E.M.F. is harmonic the
current is also a simple sine-function of the time, having the
same period as the impressed E.M.F.
The fourth assumption takes the impressed E.M.F. as any
periodic function of the time whatever,-
e = £ E sin ( boot + 9 )
EbQ
where b may take in succession any integer values.
Should Particular Case III be considered more in detail,
namely, where the electromotive force e = f(t) = E sin cot as
was found in equation (1), the solution will be found to give the
current in a circuit containing R, L and C when the impressed E.M.F.
varies harmonically. This is essentially the most simple case and
is in fact the most frequent one met with in the study and in the
practical application of alternating current phenomena.
From equation (1) then,-
e = f  (t) = E sin cot
a n d ,  d e  - f*{t) _ E go c o s  cot
dt
Substituting this value for f *(t) in equation (9) there results,-
( -t t -t t )
i = CEoo ( e fi /  e Tt cos cot dt - e To /  e TP cos cot dt ) 
vk*'c4 - "4LC( 1 1  )
-t -t
+ °1 e Ti + C2 e T2 . ( 1 0 )
10
The integral of each term is found to be of the forra,- 
-t t
e T f  e T cos ut dt = 1 „ ( 1 cos cat + ca sin cat ) .
1 + aa2 ( T )*p2
Substituting in equation (10) we have,-
i = CEco c  (( (
Vfe2 C2 -  4LC ( ( * 1 )
(_ ( t| + w '
)TQ ) cos cat
)
)(
( ___£ -g- ___“ — e x
) -t -t
) sin cat ) + c^ e T, + c„ e Tg, 
' )
_> (11)
But since,-
and,-
1 _ R C -  V R2 02 -  4 L C
T1 2 L C
1 -  R C + V R2 C2 -  4 L C
T, 2 L C
by a few algebraic transformations equation (11) reduces to,-
E R ca* ( 1
i = 2 sin cat + E ca ( 0
R2co2+ ( l - L ca2)
( C )
)c -  L ca2 j cog
R « + [  1 -  L ca2 |2
• u -t
+ ci e Ti + o2 e T2
which may be further reduced by using the trigonometrical formula, -
____  -1
A sin x + B cos x = V + B2 sin ( x + tan B )
A
and finally reduces to,-
-1
i = E _ sin ( cat + tan ( 1/"ffr rr Lin* ( (
V  + HTca “ )
-t -t
+ C! e Tjl + c2 e T2
- D
R ) )
(12)
This then is the complete solution for the current in a circuit
11
containing R, L and C when the impressed E.M.F. is harmonic and
equal to E sin cot, E being the maximum value of the E.M.F.
After a very short time the exponential terms containing
and c2 drop out and are not usually considered. The current
being a simple harmonic function may lag behind the impressed E.M.F.
if Leo is greater than 1 or may advance ahead of it when L co
C co
is less than 1 . In the case when Leo = 1 , the equation (12)
C co C co
becomes i = E sin cot and there is no lag nor lead, the current 
R
is said now to be "in phase" with the E.M.F.
When the sine term becomes equal to one, equation (12) 
assumes the form,-
I E
T T "+ (TTS
L eo 7 2
)
(13)
I being the maximum value of the current.
This equation is in the form similar to Ohm’s Law and from the 
analogy the term / ^2 . ( 1 L co )^  is in the nature of a
VR + ( n s  )
resistance and is usually called the "impedance".
12
III
METHODS FOR STUDYING WAVE FORMS 
In connection with alternating current machinery and alter­
nating current circuits it is , in most cases, legitimate to assume 
that the electromotive forces and the currents vary in accordance 
with the sine law. However, there are cases where the observed phe­
nomena cannot be explained upon such a simple assumption and so it 
becomes desirable to deal with the actual wave forms.
Experimental investigation of the wave forms of alternating 
currents is especially helpful in the study of commutation in direct 
and alternating current machinery, in investigations of electric 
disturbances taking place in cables, high-tension lines, etc., in 
research of phenomena taking place in the electric arc, rectifiers, 
and in telephonic research.
In all these cases an experimental determination of the wave 
form has permitted the substitution of actual facts for a mass of 
speculative theories which had been advanced because of the lack 
of experimental means for observing rapidly-varying irregular elec­
trical phenomena.
Determination of the wave forms of alternating currents is in 
some respects similar to taking indicator card records on steam and 
gas engines. Both give exact information with regard to the actual 
working of a machine from moment to moment. Voltmeters and ammeters 
give only effective or average values for a certain length of time.
Various methods and instruments have been devised for a graph­
ical or optical delineation of the current and E.M.F. variations, 
such an instrument is called an "Oscillograph" or "Ondograph".
These methods for observing the alternating current wave forms
13
may be divided into four classes.
I - The "Point-to-Point" method as originated in 1880 by Jules
pJoubert .
II - Stroboscopic methods, of which the wave transmitters of
H. L. Callendar3, E. B. Rosa4 , and E. Hospitalier5 are examples.
Ill - Methods employing a high-frequency galvanometer or "Osc-
0
illograph", originated by A. E. Blondel .
IV - Purely optical methods of I. Frolich7 and K. F. Braun8 .
The general principle of the point-to-point method is 
shown in Figure 3. On the shaft of an alternator, or an A. C. motor 
driven in synchronism with it, is placed an insulating disk having
a short metallic segment on part of 
it's periphery. Against this disk 
press two brushes which are connected 
together at each revolution by the 
contact of the segment at an assigned 
instant during the phase of the alter'
2, Jules Joubert, "Journal de Physique". (1880)
3, H. L. Callendar, "Electrician", Vol. 41., p. 582.
4, E. B. Rosa, "Weid. Annalen", Vol. 60., p. 552. (1897)
5, E. Hospitalier, "Electrical Review", Vol. 50., p. 969. (1902)
"  "Lond.J.I.E.E.", Vol. 33., pp.75 and 1019. (1904)
6, A. E. Blondel, "Assoc. Franc, pour l'Avanc. des Science". (1891)
"  "C. R.", Vol. CXVI., pp. 502 and 748.
7, I. Frolich, "E. T. Z.", Vol.8., p.210. Vol.10., pp.65 and 345.
8, K. F. Braun, "Weid. Annalen", Vol. 60., p. 552. (1897)
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nating current. This contact may be made to close the circuit of a 
suitable galvanometer or voltmeter, or to charge a condenser in 
connection with it. The reading of the voltmeter will therefore not 
be the average or effective voltage of the alternator, but the in­
stantaneous value of the E.M.F. corresponding to that instant dur­
ing the phase determined by the position of the rotating contact 
segment with reference to the poles of the alternator.
If the brushes can be moved around the disk so as to vary the 
instant of contact it will be possible to plot the values of the 
observed instantaneous electromotive forces of the machine or cir­
cuit, with reference to the angle between the brushes and the field, 
and so obtain a wavy curve showing the form of the alternator E.M.F.
This process is a tedious one and necessarily only gives the 
average form of thousands of different alternations. It is used 
only for the roughest kind of determinations and is of interest 
more from a historical than a practical standpoint.
In the Hospitaller "Ondograph, a synchronous motor is 
driven in step with the periodic current being tested. This motor 
drives a cylinder having a metallic segment, similar to the one 
used in Joubert's method, but at a speed a little lower than syn­
chronism. Three brushes make contact for a short time during each 
revolution and are so arranged that a condenser is charged at an 
assigned instant during the A. C. phase and then subsequently conn­
ected thru a voltmeter.
By this process, owing to the fact that the cylinder is losing 
or gaining slightly in speed on the circuit periodicity, the volt­
meter goes slowly thru all the phases of voltage which are performed
j
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The oscillographs of A. E. Blondel and W. Duddell^ oper­
ate on a different principle. They consist essentially of a galv­
anometer of which the needle or coil has such a short natural period­
ic time that it can follow all variations of a current which runs 
thru it's cycle in one one-hundredth part of a second.
The needle or coil must be so damped that when the current is 
cut off it returns to zero immediately without overshooting the mark. 
By means of an attached mirror a reflected beam of light may indicate 
on a screen the motion of the movable system. This beam is also 
given a periodic motion of the same frequency by reflection from a 
separate oscillatory mirror so as to make the two motions at right 
angles to one another and then there is shown on the screen a bright 
wavy line having the same form as the periodic current being tested.
In W. Duddell's oscillograph the galvanometer part ( see 
Pig. 4, p. 18) consists of an electromagnet in the field of which 
is stretched a loop of very fine wire. To this loop is attached a 
mirror (M). If a current passes up one side and down the other, the 
wires are displaced in opposite directions with reference to the 
field.
The loop and mirror vibrate in oil to render the system dead­
beat. A ray of light is reflected from this mirror to another mirror 
which is rocked by a small synchronous motor driven off the same 
circuit under observation, so that the ray has two oscillatory or 
vibratory motions imparted to it at right angles,- one a simple 
harmonic motion and the other a motion imitating the variation of 
the current or E.M.F.
10, W. Duddell, "B.A.A.S. Report", p. 575. (1897)
"  "Electrician", Vol. 39., p. 636.
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This ray can be observed on a screen and traced out with pen 
or pencil or it may be allowed to fall on a photographic plate thus 
recording the wave form. In the Duddell oscillograph it is usual to 
place two and sometimes three sets of loops and mirrors in the mag­
netic field , so that a pair of curves may be taken simultaneously, 
such as the E.M.F. and the current flowing in a circuit, in order 
to study their phase relations.
In one form of Blondel's^oscillograph the vibrating sys­
tem is a small magnetic needle carrying a mirror, but the principle 
on which it operates is essentially the same as that in Duddell's 
instrument.
The oscillograph may be used to record non-cyclical or tran­
sient phenomena, such as the discharge of a condenser or surges in 
the current upon connecting a generator to loaded lines or cables, 
by the adaptation of a moving film passing at right angles to the 
plane of the reflected beam of light from the oscillograph mirrors.
Non-cyclical phenomena such as the discharge of a condenser 
may also be shown optically on a screen or tracing desk by the use 
of a rotating contact maker driven in synchronism with the large 
vibrating mirror. Contact brushes are so arranged that during each 
revolution the condenser is charged and then discharged thru the 
Oscillograph. In this way the condenser discharge curve is obtained 
showing as stationary waves on the screen.
11, A. E. Blondel, "La Lumiere Electrique", (Aug. 29, 1901).
*' "L'Eclairage Electrique", Vol.31., pp.41,161.
Vol.33., p.115.
"  "C. R.“, Vol. 127., p.1019. (1898)
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A form of thermal or hot-wire oscillograph has been devel- 
12oped by J. T. Irwin . In this instrument the periodic current passes 
thru a pair of fine wires, going up one and down the other (Pig. 5). 
These wires also carry, in the same direction, a constant current 
from a battery. The two currents are therefore added in one wire 
and subtracted in the other, and produce a differential heating 
effect which causes unequal expansion. This in turn is made to tilt j 
a mirror which reflects a beam of light on a screen or photographic 
plate as in the Duddell instrument.
With regard to the purely optical methods K. P. Braun (see 
Pig. 6) has devised a form of cathode ray tube, consisting of a 
vacuum tube having a narrow tubular portion, containing the elec­
trodes, and an enlarged end holding a fluorescent screen.
The electrodes are connected to the terminals of an electro­
static machine which produces a discharge in the tube. The cathode 
ray is projected thru two small holes in plates in the narrow end 
of the tube onto the fluorescent screen producing an illuminated 
greenish spot.
Two coils of wire thru which pass an alternating current are 
placed on either side of the narrow tube, just beyond one of the 
pierced plates. The field causes a periodic displacement of the 
cathode ray stretching it out into a bright line. If this line is 
examined by means of a mirror revolving at right angles to it's mo­
tion a wavy or oscillatory band of light is seen which is an optical 
representation of the current in the coils adjacent to the tube.
12, J. T. Irwin,"J.I.E.E.", Vol. 39., p. 617. (1907)
" "Electrical World", Vol. LV., p. 902., No. 14.
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The faults of the indirect methods may be summed up as 
in the following paragraphs.
First, it is impossible to study non-periodic phenomena because 
it is possible to obtain only the averages of thousands of separate 
waves and in case the successive wave forms are not identical the 
results will not give a correct representation of the true conditions
Second, the impossibility of catching instantaneous phenomena 
by these methods and observing it thru the variations following is 
at once seen. For example, the phenomena occurring in a circuit at 
the moment of the closing or opening of a switch.
Third, it is impossible to distinguish between the indentations 
in a curve due to harmonics in the circuit or to oscillations of the 
galvanometer itself. (This applies only to methods where a galvano­
meter is made use of.)
Fourth, errors may be introduced due to characteristic oscill­
ations in the galvanometer or in the synchronous motor used for 
driving the recording drum.
Fifth, errors may be caused in the main circuits due to the 
presence of condensers in the recording devices.
Sixth, the apparatus based on indirect methods is entirely un­
suitable for the study of high-tension currents.
Each of the previous forms of wave recorders or oscillo­
graphs may have it's own particular and special advantages, but the 
one which fulfills the greatest number of requirements for the eng­
ineer and investigator is that of the suspended loop type of Blondel 
and Duddell, which makes use of the more direct method. Of those 
using the indirect stroboscopic methods, according to Blondel, the 
Hospitaller "Ondograph" seems to give the best satisfaction.
IV
THEORY OP THE OSCILLOGRAPH
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The action of the vibrating oscillograph loops is given
by the general differential equation13
d H  + A d 
dt
+ C 2 $ - f (t) (14)
where $ is the deviation of the spot of light reflected from the 
mirror with reference to the neutral or zero position. A is a con­
stant which governs the damping of the vibrating strips, C is a 
constant determining the frequency proper of the vibrations, and 
f (t) is the current source impressed on the loop.
This equation is of the type as equation (5) given on page 4 
and it's solution may be found in exactly the same way. The compli­
mentary function of (14) will be found thru the auxiliary equation,-
( m2 + A m + C2 ) 0,
the roots of which are,-
m = - A ± V A^ -~4“C2 
2
giving for the C. F.,-
-A - V A2 - 4 C2t -A + VA^ ■ 4 C2t
~ C1 e 2 + Cg e 2 (15)
Now if we assume for f (t) = I sin ( cot - 0 )
where co = 2im and 9 = the phase angle, the particular integral
will be found to be,-
vc$z -  CO2 ) 2 ' +  a2 CO2 sin ( (cot - 6) - tan(
-1 ( a co r
(C2 -co2) ) (16)
13, J. K. A. W. Salomonson, "Electrician", Vol, 69., p. 357,
22
The complete solution will then be the sum of (15) and (16) or,-
(/ = I sin ( (cot - 0) - tan”-*- A co )
V(C* -  co2)2"T ( ( G^ "“ w2 )
-A - V A2 - 4 C2
+ cx e + Co e
-A + V - 4 Cg t
(17)
It will not be necessary to further discuss this theory here 
suffice it to say that for the condition of critical damping A2 
must be equal to 4C2 . That is, when this condition is fulfilled, 
the vibrating loop when being actuated by a current, f(t), will 
not overshoot it’s mark but will move accurately in response to the 
variations in the current giving a correct representation of the 
actual conditions.
A test may be applied to the oscillograph for critical damping 
by sending a commutated direct-current thru the loops. The current 
is periodically reversed by means of a revolving commutator driven 
with a motor, so in case the instrument is working correctly a square 
topped wave will be produced and recorded the corners being sharp 
and distinct.
For good working conditions in the oscillograph the damping 
must not only be critical but also as small as possible. Other 
conditions must also be fulfilled in order that the deflection at 
any instant be proportional to the instantaneous values of the cur­
rent or E.M.F, The mass or moment of inertia of the moving parts 
must be small compared to the forses acting upon them and the self- 
induction of the instrument must be negligible. Hysterisis errors 
and Foucault currents must be absent and finally the instrument 
must have sufficient sensibility for a large range.
All of these requirements are amply covered in the Duddell
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instrument and it is this instrument that we shall more fully 
describe in the following section.
CHAPTER II
ALTERNATING CURRENTS
SECTION B
EXPERIMENTAL
5=
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SECTION B 
EXPERIMENTAL 
I
DESCRIPTION OP APPARATUS
The oscillograph used in the following studies is of the 
Duddell double-coil type, made by the Cambridge Scientific Instru­
ment Company of Cambridge, England, the general theory of which has 
been set forth on pages 16 and 21. This instrument will now be des­
cribed a little more in detail giving sketches to show it's set- up 
with electrical connections as used in the study of various phenom­
ena.
The oscillograph loops, two in number, (see Fig.4, p.18)
have a natural period of vibration between 1 and 1 part
8,000 10,000
of a second. These are suspended in an oil bath for damping, the oil 
being of special composition to give a certain viscosity at ordinary 
temperatures. For critical damping (Inhere the vibrations are just 
non-oscillatory) the temperature of the oil bath should be from 
about 18° C to 22° C. A special thermometer is attached to the 
instrument for aid in this matter.
Between these two vibrator loops is fixed a stationary mirror 
in line with the other mirrors which is used as a reference point 
to trace out the zero line.
Each loop is connected thru protective fuses and binding-posts 
which are placed on the outside of the case enclosing the loops.
The maximum working current is about 0.5 ampere.
The electromagnet is made up of two large coils wound on heavy 
iron cores the ends of which are bent into necks extending into the 
oil case on either side of the loops. There is a very intense field
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set up between the poles. The coils are usually connected in series 
and excited from a 200 volt D.C. source.
The electromagnet and case containing the loops is made in one 
unit standing on three screw legs which allow for leveling and 
adjustment. The mirrors are also supplied with tangent screws for 
horizontal adjustment and alignment with the fixed mirror.
Figures 7 and 8 on page 26 show the general set-up for the 
combined photographic and tracing-desk type of oscillograph as used.
This apparatus, with exception of the arc, is encased in a 
dark-box (see Fig. 9 page 27) but every part arranged so as to be 
easily accessible. The electric arc is used as a source of light 
sending a small beam to the oscillograph mirrors thru a narrow slot 
in a metal screen.
When the photographic adaptation is used, the reflected beam 
from the oscillograph mirrors is again reflected thru a slot in the 
side of the box, by the use of a plane mirror set at an angle of 
about 45°.
Now when the loops are set into motion the doubly-reflected 
beam will vibrate in a horizontal plane. A photographic plate may 
be dropped down a long chute past the opening and receive a trace 
of the beam of light upon it, or a special moving-picture camera 
adapted for this work may be placed in front of the opening and 
receive the vibrating light beam upon a moving photographic film. 
When these are developed a reproduction of the wave form under study 
will be obtained.
Should it be desirable to observe the wave form visually the 
mirror is moved out of the path of the reflected beam returning 
from the oscillograph mirrors and is allowed to fall upon the vib-
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rating mirror from whence it is projected to the tracing-desk. A 
synchronous motor rocks this mirror in a direction at right angles 
to the first motion so that the light beam has a double motion and 
will trace out on the desk a path of light responding to the fluct­
uations of the current in the loops.
A revolving shade also driven by the motor cuts off the light 
for a quarter period during each alternation while the mirror ret­
urns to the beginning of it's stroke. But, owing to the persistency 
of vision in the human eye, the wave form as traced out on the desk 
will appear stationary.
These curves may be recorded by placing thin paper over the 
glass desk and tracing the forms with pen or pencil, or bromide and 
blue-print paper may be used for securing a permanent record.
The tracing-desk is only a convenience in observing the appear­
ance of the general wave form and in adjusting the circuits before 
proceeding with the photographic method. Non-periodic or transient 
phenomena can be secured only by means of the falling-plate or the 
moving photographic film.
The synchronous motor is of the attracted-iron type and is us­
ually run by the same source as is being studied, being capable 
over a range from 20 to 120 cycles per second. However under 40 cy­
cles a brass disk must be used to increase the inertia of the drum 
armature. In running-up a resistance of about 50 ohms is connected 
in series with the coils. When the frequency is high and the voltage 
low the electromagnets are connected in parallel, but if the frequen­
cy is low and the voltage is high the coils are connected in series. 
The maximum working current is about 0.75 to 1.0 amperes.
On the following page Fig.10 gives the diagrammatical connect­
ions of the oscillograph for lo\v- tension circuits up to 250 volts.
OSCILLOGRAPH CONNECTIONS 
FOR LOW-TENSION CIRCUITS 
TO 250 VOLTS
75 'to 1.
amps
SYNCH.
---------------- --------- - --- - --------- ---- - ------ ----------------35
Figure 11 on page 29 shows the connections used when studying 
high-tension circuits up to 15,000 volts.
Figure 12 on page 31 gives the arrangement of circuits and 
switches used, for facilitating the operation and control of the 
oscillograph in making observations.
The arc (see p. 27) which gives the best results is one of the 
90° form using large cored-carbons and having the + terminal connect­
ed to the horizontal electrode. Only the arc is encased in a small 
sheet-metal house, the carbons passing thru one end and the bottom 
leaving the adjusting mechanism on the outside. A narrow slit about 
2 by 20 mm. in the free end of the housing allows the beam of light 
to pass out to the oscillograph.
The plate-slide is a long rectangular box about 2in. by 6 in. 
by 50 in. down which a wooden carrier, holding a 4” by 5" plate, 
may be allowed to fall upon releasing a spring catch. A narrow slot 
allows the light to enter from the oscillograph side while a ground- 
glass plate just opposite on the back aids in adjusting the deflected 
beam.
The special camera is made to carry the standard moving-picture 
film so that records as long as 150 feet can be secured. The film 
passes from one reel past a slot opening, over a driving cog-wheel 
and thence to a second reel on which the exposed portion is wound. 
This machine is driven by a small motor and is supplied with a brake 
so that the film may be started and stopped almost at will.
The measuring instruments used consist of several Weston A.C. 
ammeters with ranges from 0-1 to 0-25 amperes; direct-reading D.C. 
and A.C. Weston voltmeter 0-150 volts; and two Frahm-system frequen­
cy-meters, imported thru James Biddle of Philadelphia, ranges 20-30 
cycles and 750-6000 cycles.
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II
MANIPULATION
When a circuit of any nature is to be studied it is con­
nected to switch No.2 (see Pig.12 p.31) thru which it may be connect­
ed directly on to the oscillograph circuits and also be used to run 
the synchronous motor thru switch No.6. If it is desirable to place 
a load upon the circuit in order to study the current variations 
along with those of the E.M.F., this is connected between X and Y of 
the circuit connecting to switch No.3. This circuit is supplied with 
an ammeter, voltmeter and frequency-meter for use in checking with 
the oscillograph records.
220 volts D.C, are connected to switch No.l for actuating the 
oscillograph field coils and 110 volts D.C. to switch No.7 for the 
arc lamp.
For every volt of the impressed E.M.F. 10 ohms or more must be 
removed or cut in to R^, and before starting about 10 or 15 ohms 
are plugged out of Rg for safety.
The arc is started first adjusting the light beam to fall on 
the oscillograph mirrors. Switch No.l is closed and by aid of the 
tangent screws the moving mirrors are adjusted so that the reflected 
spots coincide with the one from the fixed mirror. The synchronous 
motor is started by closing switches Nos. 2 and 6, giving the arm­
ature a slight kick with the hand and holding the starting brush 
up against the commutator until synchronous speed is attained, which 
is noted by the characteristic purr of the motor. A narrow band of 
light should now be seen on the tracing-desk.
To observe the E.M.F. wave switch No.4 must be closed allowing 
a current to pass in the P.D. coil. R]_ is now adjusted to give the
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desired amplitude of the wave.
In observing the current curve the load switch No.3 is closed 
and then the "I"-loop switch No.5. As in the previous case the res­
istances f*2 and R3 must be adjusted to give the desired wave amp­
litude.
To photograph the wave forms the plate-slide or the special 
moving-film camera is placed before the slot in the side of the box. 
The synchronous motor is stopped and the mirror moved over in the 
path of the light beams reflecting them thru the slot. The light 
must be burning bright and steady. The camera shutter is opened 
and the plate allowed to fall or the film driven by the opening.
Closing the shutter the oscillograph switches are opened and 
the plate or film may be taken to the dark-room for development.
Ill
POWER CIRCUITS
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The first circuits to be studied were those having impres­
sed upon them the regular single-phase 120 volt 60 cycle alternating 
current as supplied to the labratory. Connecting this source to 
switch No.2 (Fig.12) the oscillograph was set into operation and the 
E.M.F. wave thrown on to the tracing-desk. There it appeared as a 
pure sine wave.
Now a photographic plate was fastened on the plate-carrier in 
the dark-room, placed in the long chute and attached to the oscill­
ograph. The beam was deflected thru the side slot and the motor 
stopped. When all was ready the carrier was released and the plate 
dropped by the opening. Upon development the trace of the E.M.F. 
wave was brought out on the plate.
Print No.l (see at end of Chapt.I) shows this curve. It is 
seen that this is very nearly a pure sine wave, being but slightly 
peaked at the crests. Print No.2 shows the record of this same 60 
cycle generator E.M.F. as obtained using the moving-film camera.
It has been found that transformers are more efficient with this 
sort of a peaked curve than with a pure sine wave.1^
A non-inductive load consisting of a bank of 18 incandescent 
lamps was placed upon this circuit by connecting to switch No.3.
It was easily seen on the tracing-desk that both the current and 
E.M.F. curves were sine waves and moreover that they were in phase 
with each other. No photographic determination was made of this.
An inductance coil was placed in series with the non-inductive
14, Rossler and Wedding, "Electrician", Vol. 33., p. 523.
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load to see what effect this might have upon the circuit. The results
are shown in Print No.3. Both are sine waves, but now the current
curve is displaced from that of the E.M.P. by almost 70° and this
is exactly what should happen according to theory.
Refering back to the general formula (12) page 10 as developed
for a circuit containing R, L and C it is seen that the exponential
terms need not be considered in this case and as there is no capacity
in this circuit the term 1 is cut out reducing the formula to,-
C oj
i = E sin ( cat - tan"3- L co )V~r2 + L2 u2 “R”
L was calculated to be 0.228 Henrys, R was calculated to be about 
34.6 ohms, and f as measured = 58 cycles/second.
Solving for tan"1 L to = 0, where co = 2rcf, we find,-
R
L_<o = tan 0 = 2 x 58 0.23 = 2.45, or 0 = 67° 40' approximately.
R 34^6
This is the angle of lag and agrees with the measured value taken 
from the oscillogram.
The voltmeter reading E = 124 volts. Substituting in the
formulae and solving for the maximum value of i. i will be a max.
when sin ( --  ) = 1, then,-
Imax = ________  124 ___  =1.32
34.6 )2 + ( 07232 * 58 )«
which agrees very well with the value of the current as read on 
the ammeter, that being i = 1.31 amps.
The power may be calculated directly from the oscillogram curves 
knowing the impressed E.M.P. and having calibrated the instrument 
so that the current for each milimeter deflection is known.
Print No.4 shows the effect produced when a large capacity
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(about 7.0 m.f.) is connected in series with a load of lamps.
The current in this case "leads" the impressed E.M.F. about 75°. 
Due to the charging and discharging condenser the current curve is 
now chopped up in a very irregular manner or according to the ordi­
nary nomenclature it is said to contain high "harmonics". The current 
curve is a resultant of several sine currents of higher frequencies 
than the predominating 60 cycle wave. In this determination f = 58, 
i = 0.78 and E = 120.
Print No.5 represents a circuit having a load of capacity, ind­
uctance and resistance but the capacity is the predominating factor 
so that the current still leads the impressed E.M.F. The constants 
in the load were approximately,- C=5 m.f,, L = 0.228 H., R=?,large. 
The instruments read,- f = 59 cycles, i = 0.3 amps., and E = 123 v.
Oscillograms of circuits such as the preceeding may be found in 
a great many papers on electrical research and engineering practice. 
They show the most simple conditions that have to be dealt with by 
engineers, (see Misc. References in Bibliography.)
Considerable work has been done on the action and efficien­
cy of the electric arc in alternating current circuits with the aid 
of the oscillograph^-®. It has been found that the efficiency of an 
A.C. arc is 44 per cent higher with a flat-topped E.M.F. than with 
a pure sine wave.
Print No. 6 illustrates the action of an A.C. arc in series 
with a bank of 9 incandescent lamps, the impressed E.M.F. being al­
most a pure sine wave (58.5 cycles) with a value of 119 volts. The 
maximum current drawn was about 4.3 amperes.
15, Duddell and Marchant, "J.I.E.E.", Vol. 28., pp. 1-86. (1899)
Mrs. Ayrton, "The Electric Arc."
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IV
MOTOR GENERATOR
The source of power in these next determinations was a 
small Holtzer-Cabot motor-generator made by the Holtzer-Cabot Elec­
trical Co. of Boston, Mass. A 110 volt, 33 ampere D.C, motor capable
!
of a range of speed from 1200-1800 r.p.m. is direct-connected to a 
3-phase, 2 K.W. 110 volt A.C. generator. The controlling switches 
and starter for this set are installed near by upon a marble switch­
board. Connections are also made on the switchboard so that either 
one, two or three phases can be taken from the generator at a vari­
able voltage from about 50-125 volts.
'r
Print No.7 shows the results of the first determination on this 
set. An inductive load of about 0.228 H. and 34.6 ohms was placed 
on one phase of the generator circuit drawing about 1 ampere at 110 
volts and 61 cycles. The E.M.F. curve is seen to contain irregular­
ities or harmonics due possibly to the windings in the armature coils 
or to commutation. The current curve is a pure sine wave and lags 
behind that of the E.M.P. nearly 70°.
In Print No.8 the E.M.F. curve still shows the irregularities. 
This time the generator was driven at a very low speed producing 
110 volts at 33 cycles. A load of four condensers in parallel giving 
nearly 7.0 m.f. capacity were connected in series with a bank of 9 
incandescent lamps and applied to the circuit. This load, drawing a 
current of about 0.4 amps., was arranged to bring out the harmonics 
in the current curve. The harmonics stand out so prominently as to 
almost destroy the general form of the fundamental wave which advan­
ces ahead of the impressed E.M.F.
V
ROTARY CONVERTER
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A continuous-winding direct-current dynamo may be made to 
produce alternating current from the same armature if two wires, 
tapping the armature 180° apart, are led off to collector rings.
Such a generator would be called a double-current dynamo.
This machine may be driven as a D.C, motor and the A,C, current 
taken off in the same manner as before or it may be driven with A.C. 
current running as a synchronous motor and produce direct current.
Such a machine capable of changing an alternating current into 
direct current is known as a "Rotary Converter", When producing al­
ternating current being driven with direct current it is called an 
"Inverted Converter",
These machines may be arranged for polyphase circuits as well 
as single phase depending on the tapping of the armature coils. It 
is found that the direct current voltage under the best conditions 
is only 0.707 times as large as the impressed alternating current 
voltage16.
A small 2 K.W. Type M. Size 2. Rotary Converter made by 
the Holtzer-Cabot Electrical Co. of Boston, Mass, was driven from 
a 110 volt D.C. source and run as an "inverted converter" taking off 
a single phase A.C. current at 65 volts for study. It was desired to 
know just what sort of a curve the machine would give, the results 
given in Print No.9 proved quite satisfactory. Both the E.M.P. and 
current curves are pure sine waves repeating with exact regularity.
16, D.C. and J.P. Jackson, "Alternating Currents and A.C. Machinery",
p. 758.
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The same inductive load of 0.228 Henrys and 34.6 ohms as used
for several of the previous determinations was connected to this 30
cycle, 65 volt circuit drawing a current of about 1.5 amperes and
producing a lag of about 65° in the current curve.
The machine might have been run as a regular converter from a
110 volt A.C. source drawing D.C. current and the commutation studied
17by use of the oscillograph .
17, M.B. Field, "J.I.E.E.", Vol. 32.
Morris and Smith, "Proc. I.E.E.", Vol. 33., p. 1023.
Bailey and Cleghorne, '*Proc. I.E.E.", Vol. 38.
"J.I.E.E.", Vol. 48., p. 570., (1912)
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VI
HIGH FREQUENCY MACHINES
If a piece of soft iron is moved across two chisel-shaped 
magnetic poles having armature coils wound upon them, the magnetic 
reluctance of the magnetic circuit due to induction will vary and 
consequently the flux passing thru the armature coils will also vary.
A high-frequency machine based upon this principle18 is made by 
the Siemens and Halske Co. of Berlin. A U-shaped steel bar has an 
exciting coil wound about the middle portion and two armature coils 
on the chisel-shaped ends. These are set close to a revolving notch­
ed-iron disk or cog-wheel driven by a small D.C. motor.
As this toothed inductor disk is revolved, the magnetic flux 
thru the coils is varied in a very rapid manner producing a high-fre­
quency E.M.F. The voltage is proportional to the value of the excit­
ing field and the frequency proportional to the rate at which the 
teeth pass the magnetic poles.
A frequency as high as high as 6,000 cycles per second can be 
developed on this machine.
Print No.10 is the oscillogram taken of the E.M.F. curve from 
this machine at 3,000 cycles and 3 volts. The exciting current was 
taken from storage cells giving 4 volts, and the motor was driven 
from a 110 volt D.C. source.
No current can be drawn from this machine without cutting the 
voltage down to a very small quantity. An attempt was made at secur­
ing a current curve in addition to the E.M.F. curve but it proved 
unsuccessful.
18, Duddell, "Proc. Phys. Soc. London", April, 1905.
" "Engineering", Vol. 93., p. 702. (1912)
Fessenden, "Electrician", Vol. 61., p. 441. (1908)
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VII
\
RECTIFIERS
A device which is used to change alternating current into 
a pulsating direct current is called a rectifier. There are several 
forms of rectifiers the most common being those of the mercury-arc
and electrolytic type, both having considerable commercial use.
19The mercury-arc rectifier consists of a vacuum bulb contain­
ing a small quantity of mercury. Into the bulb are sealed several 
iron or carbon electrodes to which the "intake" and "output" circuits 
are connected. Mercury vapor is liberated by discharging an induc­
tion coil thru the bulb or by arcing across the A.C. terminals by 
tipping. The "intake" is usually an A.C. source of either 110 or 220 
volts and the "output" terminals are either connected to storage 
cells to be charged or to arc lights.
Due to the peculiar property of the vapor in connection with 
the terminal electrode, current cannot pass thru the tube except in 
one direction so by using three electrodes both halves of the A.C. 
wave are utilized, being rectified into a pulsating direct current. 
Some forms of these mercury-arc rectifiers are very efficient.
The ordinary form of an electrolytic rectifier20 is an 
electrolytic cell in which aluminum is one of the electrodes and 
lead or carbon is the other. A current may be passed thru such a 
cell with but little resistance when the aluminum is made the cath­
ode, but if the current is reversed it encounters a very great res­
istance, in case the impressed E.M.F. is not above a certain critical 
value.
19, ^ 1 .  World", Vol.40.,p.408. (1902). Vol.59.,p.628. (1912) 
"Electrician", Vol. 67., p. 534. (1911)
20, K. Norden,"Electrical World", Vol.Oct. 26, 1901. p. 681.
G. E. Baristo, "Lond. Electrician", Vol. 69., p. 652. (1912)
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The theoretical reasons for this action are as yet not settled, 
some holding that a film is formed over the aluminum obstructing the 
current due to an ohmic resistance, while others say that a high 
counter-E.M.F. is produced similar to that noticed in the lead acc­
umulator .
Two oscillograms are reproduced in Prints Nos. 11 and 12 show­
ing the E.M.F. as taken from an aluminum rectifier with and without 
a load on the circuit.
The special aluminum rectifier used in this case is commonly 
known as the "Norden valve". It consists of a set of four glazed 
gallon-jars placed together in a box and a square plate of slate
carrying one aluminum rod and two lead plate electrodes for each
*
individual cell. Permanent connections are also carried on this 
slate cover so that it is a very simple matter to connect the A.C. 
source and tap off the pulsating D.C. current from any one or all 
four of the cells.
Print No. 11 is the rectified E.M.F. wave having a value of 
115 volts. A 59 cycle 115 volt alternating E.M.F. was impressed and 
a current of 3.2 amperes was necessary to run the rectifier having 
no load on it.
However as soon as a load of 5 lamps was placed on the "valve" 
drawing a current of 2.1 amperes the rectified voltage changed to 
92.5 volts and to the form as shown in Print No. 12. The impressed 
E.M.F. was 115 volts at 58.5 cycles and the A.C. current used in 
working the cell climbed to 11.2 amperes.
The efficiency was not very high being only about 15.25 per cent 
but this is partially accounted for from the fact that the rectifier 
had not been used for four years and then was worked with here with­
out cleaning or recharging with a new solution.
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VIII
TELEPHONE CIRCUITS
The oscillograph has opened a new field in telephonic re-
21search enabling investigators to determine the various current 
frequencies set up in the reproduction of sound waves over a wire, 
which becomes of great help in the construction of cables and in the 
designing of long lines.
A heavy-current switchboard transmitter was connected in series 
with three dry cells and the resistance R3 (Pig.12) enabling the 
oscillograph "I” loop to record the current variations in the circuit 
as the telephone transmitter was actuated by sound waves from the 
speaking voice or other sources. The "P.D." loop was connected to 
a 110 volt alternating E.M.F. and was adjusted to record the 60 cycle 
wave on the same plate for a time reference with the variational 
telephone current.
Speaking into the transmitter with an ordinary tone of voice 
and using the dropping plate attachment records of the English vowel 
sounds were recorded. Print No.13 is a record of the current varia­
tions in the telephone responding to the vowel "A", No.14 "E", No.15
"I”, No.16 "0”, and No.17 "UM.
In all essentials these records compare favorably with those
pptaken by Duddell , and a further comparison is to be made by stro­
boscopic methods with the actual sound waves recorded from a vibra­
ting membrane.
Print No. 18 shows the current variations in the telephone 
circuit when whole words are spoken, i.e. "hello" and "oskee wow wow", 
These were obtained by using a long moving film in the special camera
21, J. Garvey, "f.E.E.,r, Vol. 38.
22, J. A. Fleming, "Princ. of Electric Wave Tel, and Tel.", p.847.
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CHAPTER II
OSCILLATORY SPARK DISCHARGES 
SECTION A-THEORETICAL 
I
HISTORICAL AND MATHEMATICAL TREATMENT
2 *5In 1842 Joseph Henry in magnetizing steel needles by 
Leyden jar discharges discovered that the magnetization was irreg­
ular, the needles at one time being magnetized in a certain direction 
and at another time, under the same conditions, would have their 
polarity reversed.
Prom this he concluded that "the discharge whatever it's nature 
may be, is not correctly represented by a single transfer Of impon­
derable fluid", as he calls it, "from one side of the jar to the 
other. The phenomena require us to admit the existence of a principle 
discharge in one direction and then several reflex actions backward 
and forward each more feeble than the preceeding until an equilib­
rium is obtained".
This was the first time that anyone had proposed an oscillatory 
effect in the condenser discharge. Very shortly after, in 1847, Baron 
Von Helmholtz came to the same conclusion respecting the oscillatory 
naoure ox the condenser discharge and since that time a great ammount 
of work, both experimental and theoretical, has been done in connec­
tion with these discharges.
p AIn 1853 Lord Kelvin produced his wonderful paper entitled 
"Transient Electric Currents", in which he proved mathematically the 
existence of such an oscillatory effect as was discovered by Henry.
23, "The Scientific Writings of Joseph Henry",Vol.1., p.201.
S4* Pro:f« Thomson, "Phil. Mag.",Ser.4., Vol.5., p.393. (1853)
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He considered the case of a Leyden jar or condenser discharging 
thru a circuit having resistance and inductance. In the act of the 
discharge the electrostatic energy stored up in the condenser is 
converted into electric current energy and dissipated as heat in the 
connecting circuit. At any moment the rate of decrease of the energy 
in the jar is equal to the rate of dissipation of the energy in the 
discharging circuit, plus the rate of change of the kinetic or mag­
netic energy associated with the circuit.
The differential equation representing this energy change may 
be written as follows,-
d2i + R di + 1 i = 0, (18)
dt^ L dt L C
which is the same as the general equation given in (5), where R is 
the resistance, L the inductance, and C the capacity. The only 
difference is that this is a special case where f(t), the E.M.F. 
in the circuit, is equal to zero.
This equation may be solved in the same manner as (5) but since 
it is equal to zero there will be no particular integral to evaluate 
in this case.
Substituting directly in the general solution, Eq.9, since
f(t) = 0, f*(t) = 0, and there results the solution,-
_ t _ t
i = ci e TX + c2 e T2 , (19)
where Ci and c2 are constants, 1 = RC - V^R^C^- 4 L C
Tx 2 L C
and, 1 = RC + r2c2 - 4 L C
Tg 2 L C
If the value of r 2q2 j.s greater than 4LC the roots 1 and 1
T1 t2
will be real and the current will also be real. If then we plot the 
current against the time it is seen that the discharge is unidirect­
ional, rising to a maximum and decaying in such a manner as may be
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determined by the constants in the 
circuit, (see Pig. 17.)
However when R2C2 is less than 
4LC the roots become imaginary and 
a further transformation is necessarj 
to give a real expression for the 
current. When R2C2 is less than 4LG 
equation (19) may be written,-
-Rt ( jV" 4LC - RS0S + -jV^LC"'- r2cS* )
i - e 2L ( c1 e 2LC + c2 e 2LC 1 ) (20)
where j = V -1 .
Let 9 = V 4LC - R2C2 then (20) becomes.- 
2LC '
-Rt ( j9 -J9 )
i = e 2L ( cx e + cp e ) (21)
( )
We may now write,-
jee = cos 9 + j sin 9,
-J0
and, e = cos 9 - j sin 9.
J9 - J 0
Then,- c^ e + Cg e = ( c-^  + Cg ) cos 9 + j ( c^ + oq ) sin 9
(22)
If c^ and Cg are conjugate imaginary quantities we may write,
C 1 = A -f^ j B and Cg = A - j B  ^ where A and B are real 
quantities.
Substituting these values in (22) and the result thus obtained 
in (21) we have,-
-Rt
i = e 2L ( A  cos 9 + B sin 9 ),
which may be further transformed by using the trigonometrical formula 
A cos 9 + B sin 9 = V A2 + Ba sin ( 9 + tan**^ A ) (23)
b"After determining the constants A and B the final equation is,-
Figure 17
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-Rt
i = _ 2 Q e 2L sin( V 4 L C -  R«Ca + ) (24)
v T T T - W  ( 2  l  c t  )
where Q is the total charge on the condenser.
This equation represents a damp­
ed oscillatory wave train, which means 
that the sine wave of the current is
accordance with some logarithmic 
-Rt
decrement, e 2L . (See Fig. 18.)
This then is the effect when a 
condenser discharges thru a circuit 
having the resistance low and the 
capacity and inductance large in comparison.
Figure 18
FEDDERSON’S AND OTHER SIMILAR EXPERIMENTS
These predictions by Henry, Von Helmholtz, and Lord Kelvin 
were first experimentally confirmen by B. W, Fedderson25 in 1858-9 
when he photographed the spark by the adaptation of a revolving 
mirror.
The spark was produced by discharging several Leyden jars across 
a small gap and thru a circuit having a certain calculated inductance 
and resistance. The mirror, mounted on a shaft, was rotated by a 
falling weight attached to the pulley. A contact-maker was adjusted 
to have the current pass when the reflection of the spark fell on a 
sensitive photographic plate.
Now if the spark is continuous with such an arrangement it 
would appear drawn out in a long band, thus,-
However Fedderson found that with a certain resistance, inductance 
and capacity in the circuit the spark was not drawn out into a con­
tinuous band but was broken up into a number of separate images, thus 
proving the existence of oscillations.
A similar experiment has been performed by the Professors 
Trowbridge and Sabine26 and practically identical results have been 
secured. The difference in their experiment comes in the use of a 
concave mirror which focuses the spark image on a revolving plane 
mirror, which in turn, reflects the image to the photographic plate.
A linear speed of a mile per second being obtained at the plate.
They also made use of a special long-armed contact-maker for discbarg 
ing the condensers at the right instant.
25, Fedderson, ”Pogg. Annalen*', Vol.103. ,p.69. Vol. 116 . ,p. 132 1862)
26, Trowbridge and Sabine, "Phil. Mag.", Vol. 30., p.323. (1890)
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III
VERIFICATION BY PROFESSOR BOYS
The most simple and yet the most effective method for pho­
tographing the spark has been developed by Professor Boys28 (see Fig. 
14 ). He made use of a system of lenses set in a brass disk at un­
equal distances from the center. This disk was mounted on a solid 
base and could be driven as fast as one hundred revolutions per sec­
ond.
In photographing, the spark gap is placed on one side of the 
disk of lenses and a camera on the other side. All lenses being iden­
tically the same the spark gap may be focused thru one of the lenses 
onto the ground glass plate of the camera. The disk is set in motion 
and allowed to speed up while the condensers are being charged. A 
photographic plate is placed in the camera and when convenient the 
spark discharge may be made to occurr.
Upon development the images of the spark are shown as segmental 
bands broken up into dark and light portions, corresponding to the 
electric oscillations. Knowing the speed of the lens-disk, the time 
interval corresponding to each spark image can be found. The measured 
frequency from Boys’ photographs corresponded very well to those 
calculated from the theoretical formula,-
n = 1 = 1 l _ r2“
T 2 % VL C 4 L2
which reduces to,-
n = 1
2"TfV L C
when the resistance in the circuit is very small.
28, C. V. Boys, "Phil. Mag.", Vol. 30., p. 253. (1890)
Proc. Physical Society of London", Vol.9.,p.i.(1890)
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IV
SCHUSTER'S EXPERIMENTS
It has been observed that a curved cloud appearing on the 
plate near the electrodes accompanies the spark discharge. This means 
that burning metallic vapor is thrown off from the electrodes with 
a certain velocity and remains burning in the air for a little time.
Schuster and Hemsalech29 have performed a series of experiments 
primarily to determine the velocity of these burning particles of 
vapor for different kinds of metals. They tried using a revolving 
film tied to the outside of a light pulley-wheel but had trouble at 
high speeds with the film humping up in the center or even flying 
off, due to the tremendous centrifugal force produced. They finally 
adopted a flat disk-shaped film which they fastened to a revolving 
disk by means of a smaller plate. (See Figure 15.)
The light from the electrodes passed thru a spectroscope break­
ing it up into the constituent bands, these being adjusted to fall 
on the spinning disk which was driven by a motor at a speed of about 
120 revolutions per second. At this speed the air lines were essen­
tially the same in all of the photographs and it was necessary to 
deal with only the metal lines which showed as curved bands on the 
film.
Knowing the speed of the film it was a comparatively easy matter 
to measure the velocity of the burning particles, by measuring the 
displacements of the bands of light. For this purpose a measuring 
machine or "comparator" was used by means of which readings to one 
thousandth of a millimeter could secured. However in their photo­
graphs all parts of the images were not at the same distance from
29, A.Schuster and G.Hemsalech, "Phil. Trans.", Vol.193.,p.189.(1900)
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the center so that corrections had to be made for this.
In these experiments several different kinds of metals were 
used for the electrodes, such as aluminum, zinc, cadmium, and bismuth.
The measured velocities varied from about 200 to 1400 meters 
per second. In comparison with the velocity of sound in air, which 
is about 400 meters per second, it is seen that the sound waves 
produced by the spark have travelled but a few millimeters by the 
time the metallic molecules have reached the center of the spark.
The velocities of the particles near the poles were found to be 
much greater than those farther away, and greater velocities in the 
spark seemed to be obtained with smaller capacities.
The velocities vary roughly with the atomic weights, that is,- 
the aluminum particles having the atomic weight of 27 move faster 
than those of zinc whose atomic weight is about 65.
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SECTION B 
EXPERIMENTAL 
I
PRELIMINARY EXPERIMENTS
In repeating Fedderson's experiment about a half dozen 
Leyden jars were charged with a Wehrsen static machine and discharged 
thru a circuit of low resistance and fairly high inductance.
The mirror in this case was attached to a small turbine wheel 
driven with compressed-air so that a very high speed could be obtain­
ed if necessary. (See Fig. 13)
The greatest difficulty was found in securing a contact-maker 
which would allow the spark to pass at the instant when the reflected 
image began to pass across the photographic plate. An arrangement 
was finally made of a long pointed strip of aluminum about eight 
inches long fastened to the axis of the air-turbine so that it re­
volved with the mirror and could be easily adjusted. Nevertheless 
it was found impossible to make the spark pass every time for a cer­
tain position of the mirror. The spark at the contact-maker was 
very uncertain, sometimes jumping ahead and sometimes not passing 
until the point had swept by, so that even this arrangement did not 
prove very satisfactory.
Another difficulty encountered was in shielding the stray light 
of the spark from the photographic plate especially as the camera 
had to be placed so close to the mirror.
One or two photographs were obtained by this method, similar 
to those by Fedderson, which showed the oscillatory character of the 
spark fairly well. The spark image instead of being a continuous 
band of light was recorded as a series of separate images.
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In his experiments Boys used only a very short spark, no­
thing longer than 0 . 1  of an inch, so in repeating them here it was 
thought that a longer spark might bring out it's real nature in a 
better manner.
The arrangement of Boys' apparatus is given in Figure 14.
Twenty Leyden jars connected in parallel, giving a capacity of about 
0.05 m.f., were charged by a static machine and discharged thru 500 
feet of No . 8 copper wire wound in the original coil just as received 
from the factory. The inductance was calculated by Brook's Universal 
formula to be nearly 0.006 Henry. With this combination a 3/4 inch 
spark could easily be obtained.
The camera was focused on the spark gap thru the lenses and 
arranged so that the image would be the actual size of the spark 
itself. The lenses were driven at a speed of about fifty revolutions 
per second.
On watching the ground glass plate of the camera when the spark 
passed a band of light composed of a series of very bright greenish 
colored streaks would flash across the field of vision, followed by 
a streak of red drawn out into a point but continuing a little longer 
than the brighter part of the spark.(See Prints Nos. 19 and 20 at 
the end of this Chapter.) This reddish streak shows on the developed 
photographic plate as a sort of comet's tail, continuing for some 
time after the spark proper but eventually fading out. This tail is 
in reality burning metallic vapor which is shot off from the elec­
trodes but which remains burning in the air after the spark has 
ceased to pass. The burning vapor being thrown off from the electrode 
may easily be seen in the photograph.
It may take the entire discharge only l/lOOO part of a second 
to pass but it is clearly seen to be of an oscillatory nature com-
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posed of a number of separate sparks vibrating back and forth, grad­
ually dying out until the energy in the circuit is exhausted.
The curved clouds of burning metallic vapor, as referred to 
in Chap. II, Section A, IV under Schuster's experiments, are very 
clearly shown in these photographs. (See Prints Nos. 19 and 20)
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II
APPARATUS AND MANIPULATION
In the light of the previous experiments which have been 
described, the following work was taken up for the purpose of making 
a further study of the spark by photographic methods to see if ad­
ditional features could be secured.
Thru the suggestion of professor Carman a large rotating disk 
With a broad projecting flange was used as a carrier for revolving 
the photographic film. This disk, like a large frying-pan in appear­
ance, was turned out of a solid piece of steel and accurately bal­
anced. The shaft was made to run on ball-bearings and could be driven 
to a speed of 7,000 to 8,000 revolutions per minute, giving the film 
a speed of about 130 meters per second or about 430 feet in the 
same time.
Placing the film on the inside of the projecting flange the 
difficulty encountered heretofore is done away with. Instead of fly­
ing off at high speeds the film clings tighter than ever. To get the 
image of the spark on the film two plane mirrors are used to reflect 
the light as shown in Figure 16 p. 6 8.
The light from the spark passes thru a lens and is reflected by 
the two mirrors to the film where it comes to a focus. Now when a 
spark passes and the film is in motion an image will be recorded on 
the film. All light except that which passes thru the lens is shield­
ed from the film.
In all of these experiments a battery of 25 Leyden jars was 
used, these being charged by a Wehrsen static machine driven with 
a motor. In the discharge circuit was a coil of heavily insulated 
No . 8 copper wire which served as an inductance.(Essentially the same
67
as that used in the repetition of Boys’ Experiment, see page 64.)
The spark gap was adjustable for focusing and also made so that 
electrodes of various kinds of metals could be used. A high-speed 
photographic lens of short focal length, made by Zeiss of Jena, was 
used, this having the advantage of giving a large ammount of light 
and good definition for the photographs.
ARRANGEMENT OF APPARATUS FOR PHOTOGRAPHING 
THE ELECTRIC SPARK
P]
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III
OBSERVATIONS
Taking the direct discharge of the condenser, that is, 
without any inductance in the circuit we find that the spark is prac­
tically instantaneous. (See Print No. 21) It passes within l/l00,000 
part of a second leaving hut a single band of light from one pole 
to the other. No oscillatory effect can be seen.
However as soon as the coil of wire is introduced into the cir­
cuit the oscillations appear and the spark is drawn out and slowed 
down or "damped" as it is called. (See Print No. 22)
On close observation we find that a single instantaneous spark 
passes, just a quarter od a period before the first one of the oscil­
latory train. This is known as the "pilot" spark. It evidently breaks 
down and ionizes the air between the electrodes so that the other 
sparks may follow. The first spark after the "pilot" spark passes 
from one electrode to the other in such a direction as may be deter­
mined by the condenser charge.
From one pole a heavy cloud of metallic vapor is ejected and 
shot out into the intervening space, but with the next spark metallic 
vapor comes from the opposite pole. These reversals continue until 
the energy of the charge is completely exhausted.
This shows very clearly the oscillatory character of the spark 
and each change which occurrs may be followed on the film. However 
as the energy becomes dissipated the vapor is not thrown off from 
the poles as heavily as is the case in the first few oscillations.
Oscillograms of these oscillatory discharges were taken using 
the oscillograph as described in Chapter I Section B. I.
A condenser of about 2.0 m.f. capacity was charged from a 220 v.
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D.C. circuit and discharged thru a low resistance coil of about 0.012 
Henrys inductance connected in the circuit with R3 Fig.12 page 31.
A 60 cycle wave was taken along with these records for a time refer­
ence .
Print No.23 shows the oscillatory discharge taken on a dropping 
plate and print No.24 shows the oscillatory discharge with l/2 the 
above capacity as taken on a moving film.
The oscillatory discharge is here delineated in a very neat 
manner and it is clearly seen how the oscillatory sine wave is damped 
down, the amplitudes of successive waves being diminished in accord­
ance with some logarithmic decrement depending upon the constants 
in the circuit.
Experiments were made in the direct spark discharge using 
various sized balls; points and balls; and points and planes for the 
electrodes but no very striking effects were noticed.
Various combinations of different metals for electrodes 
were then used, ( brass, copper, iron, aluminum, and carbon), for 
the purpose of trying to measure the relative velocities in the va­
pors for a comparison with Schuster's results. Several of these de­
terminations are given in Prints Nos. 25, 26, et seq.
The speed of the disk was measured with a hand speed-indicator 
for each determination, the inside circumference of the flange on 
the disk was measured and from these the relative time value for one 
centimeter or one millimeter on the film could easily be calculated.
As has been mentioned before due to the maintenance of the burn­
ing particles in the air their images are traced out in curved paths 
on the photographic film. Knowing the spedd of the film and measur­
ing the distance the vapor has travelled out from the electrodes in
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a certain time it's velocity is calculated then in terms of meters 
per second. The results are given in Table I for the various elec­
trodes used.
TABLE I
COMPARATIVE VELOCITIES 
OF METAL VAPORS IN THE SPARK DISCHARGE 
(Velocities in Meters per Second)
WITH
CARBON ALUMINUM IRON BRASS COPPER
ELECTRODE
99.0
CARBON 113.3 60.0
8 6 .0
182.0 31.4 78.0 87.0ALUMINUM 154.0 40.0 50.5 81.0233.0 40.0 93.2 61,5
128.2 6 8 .0IRON 84.0 80.0 68.589.0 62.0 75.5144.0
91.0
87.0
90.0 1 0 0 .0
BRASS 107.5 56.2 79.0 76.5
70.0 56.0 8 8 .0 60.070.0 78.5
1 1 1 . 6 64.0 93.0COPPER 203.5 73.0 48.0 57.0
162.8 71.5 79.0 91.5
87.0 65.0
AVERAGE
172.5 94.5 55.7 79.25 72.7VELOCITIES
ATOMIC
1 2 27 56 63.6WEIGHTS
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IV
DISCUSSION
The figures for the comparative velocities are very rough 
and much lower thruout than those given by Schuster. No very accurate 
method was used for measuring the films. However qualitatively the 
results are very interesting and show, as Schuster pointed out, that 
those particles of the smaller atomic weights have the greatest vel­
ocities ,
Only one discrepancy appears and that is in the case of the iron 
which shows the lowest velocity, altho having a smaller atomic weight 
than some of the other substances used. This might lead us to suppose 
that the constitution or state of the material in the electrodes may 
have some part to play in determining these velocities. In this ex­
periment the iron ball was made from very hard steel, while the other 
metals (copper, etc.) were comparatively soft. The carbon electrode 
which showed the greatest speed in diffusion was turned from a piece 
of soft graphite.
It has been observed that the metallic vapor seems to gather 
midway between the electrodes and remain burning there for a time 
after the spark has passed, (see Print No. 19) A question has been 
raised concerning this. Why should the vapor condense in the middle 
of the spark rather than near the electrodes?
Schuster explains this by saying that a partial vacuum is cre­
ated between the electrodes due to the heating of the air and that 
the metallic vapor is driven into this space by it's own pressure.
It is possible to explain this phenomena by considering the 
vapor as being ionized, containing both positively and negatively 
charged particles. Those particles near the poles are either attract-
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ed or repulsed accordingly as they hold like or unlike charges; this
quickly clears the region in the near vicinity of the poles. Those 
particles then in between the electrodes being a mixture of the two 
attract each other so that the burning vapor is condensed there.
This may also be a partial explanation for the more rapid velocities 
near the electrodes as was noticed by Schuster.
From Boys' method and other methods as well we find that 
the burning metallic vapor does not fill the space between the elec­
trodes until some time after the spark has started. The first part 
of the spark photographs then show the sparks themselves, but later 
the spark passes thru the metallic vapor which has filled the region 
between the electrodes. From this it is possible to gain a conception 
of the difference between the spark and the arc. The latter part of 
the discharge as photographed being in the state of an arc after the 
region has been filled with burning particles.
In conclusion the author wishes to thank Professor Carman and 
Doctor Williams for suggestions and advice given thruout the process 
of this work.
NO. 20
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DIRECT CONDENSER DISCHARGE
NO. 21
OSCILLATORY SPARK DISCHARGE
NO. 22-A
NO. 22-B
NO. 22-C
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OSCILLATORY DISCHARGE OF A CONDENSER
NO. 23-A
NO. 23-B
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OSCILLATORY DISCHARGES
NO, 24-A
NO. 24-B
POLISHED BRASSBALLS
41 4*
v
NO. 25
NO. 26
CARBON AND COPPER ELECTRODES
NO. 27
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